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Abstract.
We propose a scheme to implement quantum controlled NOT gate and quantum
phase gate in an optomechanical system based on phonon blockade. For appropriate
choices of system parameters, fidelities of both the quantum gate operations are very
close to unity in the absence of dissipation. Using recently achieved experimental values
in a mechanical resonator coupled to a microwave cavity, we show that the quantum
gate can be realized experimentally with very high fidelity.
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1. Introduction
Realizing quantum computer in a physical system is of interest in quantum informa-
tion processing and computation [1, 2, 3, 4, 5]. The idea of quantum computation
was first proposed by Benioff [6] and further developed by Feynman [7]. Deutsch and
Josza showed that a quantum computer can solve a problem much faster than a classi-
cal computer and they introduced logic gate operations [8]. The number of operations
required to implement various algorithms is reduced exponentially in a quantum com-
puter compared with a classical computer. Quantum logic gates are implemented for
such quantum computation and information processing [9, 10, 11, 12]. Moreover, a
sequence of quantum gates is wired together to form a quantum circuit for solving a de-
sired problem. A set of quantum gates is said to be universal if any quantum circuit can
be constructed using this set of gates [10, 11, 12, 13, 14, 15, 16, 17, 18]. For instance,
a set of unitary single qubit gates with controlled NOT (CNOT) gate, i.e, {CNOT,
Hadamard, phase and pi/8(T )}, collectively form a universal set. Hence, realizing these
gates in a physical system is a basic requirement for quantum computation [1, 2]. So
far, quantum gates have been realized in various physical systems such as nuclear mag-
netic resonance [19, 20], trapped ions [21, 22], photons in polarization degree of freedom
[23, 24], cavity quantum electrodynamics [13, 25, 26, 27, 28, 29, 30, 31, 32, 33], quantum
dots [34, 35, 36], superconducting resonators [37, 38], diamond nitrogen-vacancy centre
[39, 40, 30, 41].
An optomechanical system consists of a quantized electromagnetic field in a cavity
interacting with the mechanical degree of freedom of an oscillator via radiation pressure
[42]. This radiation pressure results from the momentum carried by photon. Various
theoretical and experimental efforts have been made to realize single photon source
[43, 44], quantum state transfer [45, 46, 47, 48], entanglement generation [49, 50], bista-
bility [51], mechanical squeezing [52], ground state cooling of mechanical motion [53, 54],
optomechanically induced transparency [55], etc. in optomechanical systems. Recently,
Simon and Hartmann introduced an approach to store the information in the mechanical
degree of freedom and proposed a scheme to realize an ISWAP gate [56]. A Controlled
phase-flip gate is perceived in the polarization degree of freedom of cavity field [57] and
in two-mode field in an optomechanical system [58].
With the development of fabrication technology, it is possible to fabricate cavities
and mechanical resonators with high quality factor (Q-factor) [59, 60, 61]. This provides
a suitable physical system to demonstrate many quantum optical phenomena. More-
over, recent experimental techniques allow for controlling the optomechanical coupling
at the single photon level and the resonator can be coupled to electromagnetic fields
in a very broad frequency range [56]. Hence, it is of interest to realize quantum gates
in an optomechanical system where the cavity state and mechanical state are easily
controllable and measurable. In this article, we propose a scheme to realize CNOT
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gate and quantum phase gate (QPG) in an optomechanical system. Our model consists
of a mechanical resonator which is of Kerr type. For appropriate choices of nonlinear
strength, resonance frequencies and cavity-resonator coupling strength, fidelity of the
gate operation is very close to unity. We also investigate the gate fidelity in the presence
of photon loss and mechanical damping.
This article is organized as follows: In Sec. 2, we introduce our model and discuss
the phonon blockade mechanism in the model. We discuss the theory of the CNOT gate
and QPG in Sec. 3. Results are discussed using experimentally accessible parameters
in Sec. 4. In Sec. 5, the effect of higher excited states of mechanical resonator on gate
fidelity is considered. We summarize our results in Sec. 6
2. Physical model
We consider a cavity interacting with a mechanical resonator with coupling strength g.
The Hamiltonian for the system is [62]
H = ωca
†a+ ωmb
†b− χ(b†b)2 + ga†a(b+ b†). (1)
Here a†(a) is the creation (annihilation) operator for the cavity and b†(b) is the creation
(annihilation) operator for the mechanical resonator. The resonance frequencies of the
cavity and mechanical resonator are ωc and ωm respectively. The mechanical resonator
is considered to be of Kerr type with strength χ [63, 64, 62]. A key feature of the Hamil-
tonian given in Eqn. 1 is that it conserves the total number of photons, i.e. [a†a,H ] = 0.
Thus, H is a block diagonal matrix for each photon number subspace.
For g = 0, the state |n,m〉 are the eigenstates of the Hamiltonian H and the
corresponding eigenvalues are Enm = nωc+mωm−χm2. Here n represents the number
of photons in the cavity and m is the number of phonons in the resonator. The energy
levels Enm for various values of n and m are shown in Fig. 1. If χ = 0, the energy
levels are harmonic. Anharmonicity arises due to the presence of Kerr nonlinearity,
i.e., χ 6= 0. This is the basic requirement for phonon blockade to occur. The energy
difference between two nearest energy levels for a given n is
∆En,k = En,k+1 − En,k = (ωm − χ)− 2χk.
Interestingly, for ωm = χ, the ground state and the first excited state of the mechanical
resonator are degenerate. We set ωm = χ in subsequent discussion. Also, we restrict
the number of photon in the cavity to be either 0 or 1.
For n = 0, i.e., if the cavity is in vacuum state, the state |0, m〉 are the eigenstates
of H . However, for n = 1 and g 6= 0, the approximate eigenstates of H are (for χ >> g)
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Figure 1. Energy levels Enm for n = 0, 1 and m = 0, 1, 2. Here n represents the
number of photon in the cavity and m is the number of phonon in the resonator.
|X+〉 ≈ 1√
2
(|10〉+ |11〉) + g
2χ
|12〉 , (2a)
|X−〉 ≈ 1√
2
(|10〉 − |11〉)− g
2χ
|12〉 , (2b)
|X12〉 ≈ |12〉 − g√
2χ
|11〉 , (2c)
with overall normalization factors. The corresponding eigenvalues are ωc+g, ωc−g and
−2χ respectively. Here |nm〉 represents n photons in the cavity and m phonons in the
mechanical resonator. The contributions from higher excited states, such as |1m〉 where
m > 1, are negligible. Hence the evolution of the state |10〉 under the Hamiltonian given
in Eqn. 1 is
e−iHt |10〉 ≈ e−iωct[cos gt |10〉 − i sin gt |11〉] +O
(
g/
√
2χ
)
. (3)
The probabilities of detecting the states |10〉 and |11〉 during time evolution are shown
in Fig. 2. It is to be noted that the mechanical resonator oscillates between its ground
state and first excited state. Hence, the mechanical resonator acts as a two-level system.
The probability of detecting two phonons (P12) in the mechanical resonator is of the
order of ∼ g2/2χ2 which is negligible if g << χ (refer to inset of Fig. 2). Essentially,
anharmonicity in the energy levels inhibits the transition of mechanical resonator to
higher excited states if ωm = χ >> g, which is referred to as a phonon blockade [62].
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Figure 2. Probabilities of detecting the state |10〉(solid line) and |11〉(dashed line)
as a function of ωmt. The inset figure shows the probability of detecting two phonons
(P12) in the mechanical resonator. We set g/ωm = 0.05 and χ/ωm = 1.
3. Optomechanical cavity as quantum gates
In this section, we discuss the CNOT gate and QPG in the optomechanical cavity. The
state of the cavity is considered to be the control bit whereas the state of the mechanical
resonator is the target bit.
3.1. Controlled NOT gate
The CNOT gate operates on a two qubit state. Mathematically, the operation for the
CNOT gate is |a〉 |b〉 → |a〉 |a⊕ b〉, with a, b ∈ {0, 1} and ⊕ denotes addition modulo 2.
Here |a〉 is the control bit and |b〉 is the target bit. In the CNOT operation, the state of
the target bit remains unchanged if the state of the control bit is |0〉. Flipping occurs
between |0〉 and |1〉 of the target bit if the state of the control bit is |1〉.
Now, we consider the evolution of states |00〉 , |01〉 , |10〉 and |11〉 under the
Hamiltonian H given in Eqn. 1. The time evolved states, in the limit χ >> g, are
e−iHt |00〉 = |00〉 ,
e−iHt |01〉 = |01〉 ,
e−iHt |10〉 = e−iωct[cos gt |10〉 − i sin gt |11〉],
e−iHt |11〉 = e−iωct[cos gt |11〉 − i sin gt |10〉].
These unitary evolutions become CNOT operation if ωc/g = 4k−1 and t = pi/2g, where
k is a non-zero integer. The time t = pi/2g is the gate operation time which we denote
as TG.
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3.2. Quantum phase gate
This is the simplest two qubit conditional gate, where the phase of the target bit changes
conditionally. The QPG operation is |a, b〉 → exp(−iφδa,1δb,1) |a, b〉 , where δa,1 and δb,1
are Kronecker delta symbols and a, b ∈ {0, 1}.
We consider the evolution of the states |0〉 |−〉 , |0〉 |+〉 , |1〉 |−〉 , and |1〉 |+〉. These
states evolve under the Hamiltonian H as
e−iHt |0〉 |−〉 = |0〉 |−〉 ,
e−iHt |0〉 |+〉 = |0〉 |+〉 ,
e−iHt |1〉 |−〉 = e−i(ωc−g)t |1〉 |−〉 ,
e−iHt |1〉 |+〉 = e−i(ωc+g)t |1〉 |+〉 ,
where |±〉 = 1√
2
(|0〉 ± |1〉) is the superposition of the ground state and single phonon
state of the mechanical resonator. At t = 2ppi
ωc−g , the unitary evolution becomes a QPG
operation if
ωc
g
=
2(p+ q)pi + φ
2(q − p)pi + φ,
where p and q are two integers. For this case, TG =
2ppi
ωc−g is the gate operation time.
4. Results and discussions
As seen in the previous section, transition between the mechanical resonator states re-
quires the presence of a photon in the cavity. Hence, to turned on the quantum gates, it
is required to load a photon into the cavity [30, 65]. Once the photon is inside the cav-
ity, it interacts with the mechanical resonator. Then the optomechanical system works
like a quantum gate for appropriate choices of system parameters such as resonance
frequencies, nonlinear strength and coupling strength. Finally, it is required to turn off
the gate at a specific time, so called gate operation time, to obtained the desired results.
To turn off the gate, one needs to remove the photon from the cavity [30]. However, in
experimental situation the cavity is not ideal and there are finite probability of leakage
of the photon from the cavity before the gate operation is complete. In such case, the
fidelity of the quantum gate will be less. Hence, it is necessary to investigate the effect
of dissipation on quantum gate fidelity.
In this section, we discuss CNOT gate and QPG operations using the realistic
values of system parameters. Dissipation is being included. Here, dissipation leads to
photon loss from the cavity and damping of the mechanical resonator. The effect of
dissipation on quantum gate fidelity is studied by analyzing the master equation. The
master equation, which includes dissipation of both the cavity and mechanical resonator
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is [66]
∂ρ
∂t
=
−i
h¯
[H, ρ] +
γc
2
L(a)ρ+ γm
2
L(b)ρ, (4)
where
L(o)ρ = (2oρo† − o†oρ− ρo†o),
is the Lindblad superoperator [67]. Here γc and γm are the decay rates of the cavity and
the mechanical resonator respectively. It is known that the Lindblad master equation is
valid if the system-reservoir couplings are weaker than the intra-system coupling, and
also these couplings are weaker than the resonance frequencies [68, 69, 70, 71]. For
strong couplings, one may use a global master equation to describe the evolution of the
system [72].
The effectiveness of quantum gates is characterized by fidelity between initial state
and target state. The fidelity between two states ρ and σ is defined as [73]
F =
[
Tr
√√
σρ
√
σ
]2
. (5)
We discuss the CNOT gate first and then QPG gate. Let the initial state of the
system be
|ψin〉 = c1 |00〉+ c2 |01〉+ c3 |10〉+ c4 |11〉 , (6)
where
∑4
i=1 |ci|2 = 1. This is the most general two qubit state and any two qubit
state can be obtained by suitably choosing the superposition coefficients. If the CNOT
operation works for this state, then it will work for any two-qubit state. The action of
the CNOT gate on |ψin〉 will generate the state |Ψ〉 = c1 |00〉+ c2 |01〉+ c3 |11〉+ c4 |10〉.
Using the definition given in Eqn. 5, the fidelity for the CNOT gate is
FCNOT (TG) =
[
Tr
√√
σρ(TG)
√
σ
]2
, (7)
where ρ(TG) is the state of the system at time TG = pi/2g evolved from the state given
in Eqn. 6. The evolution of the system is governed by Eqn. 4. Here σ = |Ψ〉 〈Ψ|.
FCNOT = 1 corresponds to perfect CNOT gate.
Using the currently available experimental values in a mechanical resonantor cou-
pled to a microwave cavity [74], we calculate FCNOT using Eqn. 7. We set ωm/2pi = 15.9
MHz, g/2pi = 242 kHz, γm = 150 Hz and ωc = 2.4197 GHz. This gives the CNOT gate
operation time TG ∼ 1µs. We plot FCNOT as a function of cavity decay rate γc/2pi in Fig.
3. The dashed line represents the average fidelity calculated from Eqn. 7. The average is
taken over the ensemble of initial states given in Eqn. 6, where ci’s are randomly chosen.
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Figure 3. Average fidelity FCNOT as a function of γc/2pi. The average is taken
over the ensemble of initial states given in Eqn. 6, where ci’s are randomly chosen.
The continuous line is the average fidelity calculated using Eqn. 8 and dashed line
is the average fidelity calculated by solving master equation numerically. We use
ωm/2pi = 15.9× 106 Hz, g/2pi = 242× 103Hz, χ = ωm, ωc/2pi = 2.4197× 109 Hz and
γm/2pi = 150 Hz.
In the presence of dissipation, the state of the system does not remain pure and
hence, the pure state evolution is not possible. However, an approximate evolved state
can be calculated by including phenomenological dissipation in the system. The evolved
state, for χ >> g, is
|ψ(t)〉 ≈ c˜1 |00〉+ c˜2 |01〉+ c˜3 |10〉+ c˜4 |11〉 , (8)
where c˜2 = c2e
−γt/2, c˜3 = e−iωcte−γt/2 (c3Ω+ − ic4Ω−) , c˜4 = e−iωcte−γt/2 (c4Ω+ − ic3Ω−) , c˜1 =√
1− |c2|2 − |c3|2 − |c4|2ei arg(c1). Here Ω+ =
√
1
2
(
1 + e
−3γt
4 cos 2gt
)
and Ω− =√
1
2
(
1− e−3γt4 cos 2gt
)
. Then the fidelity becomes
FCNOT = |〈Ψ|ψ(T )〉|2 = |c∗1c˜1 + c∗2c˜2 + c∗3c˜4 + c∗4c˜3|2. (9)
In Fig. 3, the continuous line represents the average fidelity calculated using Eqn. 9,
which is in exact agreement with the average fidelity calculated using the master equa-
tion (dashed line).
For the QPG gate, consider the input state
|ψin〉 = c1 |0〉 |−〉+ c2 |0〉 |+〉+ c3 |1〉 |−〉+ c4 |1〉 |+〉 , (10)
with
∑4
i=1 |ci|2 = 1. Then the target state is |ψ〉 = c1 |0〉 |−〉 + c2 |0〉 |+〉 + c3 |1〉 |−〉 +
e−iφc4 |1〉 |+〉 . The fidelity for the QPG gate is
FQPG(TG) =
[
Tr
√√
σρ(TG)
√
σ
]2
.
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where ρ(TG) is the state of the system at time TG =
2ppi
ωc−g evolved from the state given in
Eqn. 10. This evolution is calculated using Eqn. 4. Here σ = |Ψ〉 〈Ψ|. The approximate
evolved state in the presence of dissipation is
|ψ(t)〉 = d1 − d2√
2
|0〉 |−〉+ d1 + d2√
2
|0〉 |+〉+ d3 − d4√
2
|1〉 |−〉+ d3 + d4√
2
|1〉 |+〉 , (12)
where d2 = e
−γt/2 c2−c1√
2
, d3 = e
−iωcte−γt/2
[
Ω+
c3+c4√
2
− iΩ− c3−c4√2
]
,
d4 = e
−iωcte−γt/2
[
Ω+
c3−c4√
2
− iΩ− c3+c4√2
]
, d1 =
√
1− |d2|2 − |d3|2 − |d4|2ei arg(
c1+c2√
2
)
.
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Figure 4. Average fidelity for QPG gate (FQPG) calculated from Eqn. 11 for
φ = pi/4 (continuous), pi/3 (dashed), pi/2 (dot-dashed) and pi (dotted). We use
ωm/2pi = 15.9×106 Hz, g/2pi = 242×103 Hz,γm/2pi = 150 Hz, χ = ωm, ωcg = 2(p+q)pi+φ2(q−p)pi+φ
with p = 2499, q = 2500.
Fig. 4 shows the average fidelity calculated from Eqn. 11 for φ = pi/4 (continuous),
pi/3 (dashed), pi/2 (dot-dashed) and pi (dotted). The average is taken over the ensemble
of initial states given in Eqn. 10, where ci’s are randomly chosen. We set ωm/2pi = 15.9
MHz, g/2pi = 241 kHz, γm = 150 Hz and ωc = g
2(p+q)pi+φ
2(q−p)pi+φ with p = 2499, q = 2500.
It can be seen from the figure that the fidelity depends on phase φ in the presence of
dissipation. This comes from the fact that the ratio ωc/g and thereby the gate operation
time, depends on φ. If φ is large, the gate operation time is also large, and as a result
system suffers large dissipation. This reduces the fidelity.
We calculate FCNOT and FQPG by using the recently achieved experimental
parameters and tabulated them in Table.1. The cavities that are used in thesse
experiments have Q-factors of the order of Q ∼ 103 − 104 and hence the fidelities for
quantum gates are small. However, optomechanical cavities have already been fabricated
with a large Q-factor ∼ 106 [59, 60, 61]. Using this value we can obtain FCNOT and
FQPG respectively to be ∼ 0.975 and 0.982 by setting ωm/2pi = 15.9 MHz, g/2pi = 241
kHz, ωc/2pi ∼2 GHz and γm/2pi = 150 Hz.
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Reference ωm/2pi γm/2pi γc/2pi g/2pi FCNOT FQPG(φ = pi/8)
Lecocq et.al [74] 15.9 MHz 0.15 kHz 163 kHz 242 kHz 0.88 0.81
Groeblacher et.al [75] 1 MHz 0.14 kHz 215 kHz 325 kHz 0.85 0.79
Murch et.al [76] 0.04 MHz 1 kHz 660 kHz 600 kHz 0.7 0.73
Table 1. Values of the parameters achieved in experiments and calculated quantum
gate fidelities. Resonance frequency of the cavity can be calculated using the relation
ωc/g = 4k − 1 (here k = 2500) and ωcg = 2(p+q)pi+φ2(q−p)pi+φ (here p = 2499, q = 2500) for
CNOT gate and QPG respectively.
As mentioned earlier, a photon is required inside the cavity to operate the quantum
gate. If the photon leaks out from the cavity before the time TG then the target state
can not be achieved and the fidelity will become small. Let the mean life-time of photon
inside the cavity is τ ∼ 1/γc. At this time, the probability of detecting the photon
inside the cavity is ∼ 1/e. If τ > TG then there will be very high probability to
reach the target state. Hence, the condition TG ≈ τ i.e., the photon life-time is nearly
equal to the gate operation time, may provide a gate fidelity above which the quantum
gate works properly. For an optomechanical cavity with ωc/2pi ∼ GHz, g/2pi = 242
kHz, ωm/2pi = 15.9 MHz, γm/2pi = 150 Hz, these fidelities are FCNOT = 0.7195 and
FQPG = 0.695 for TG ≈ τ .
5. Effect of higher excitation number
The eigenstates given in Eqn. 2(a) − (c) are valid in the limit of χ/g >> 1. In this
limit, contributions from higher excited states of mechanical resonator are negligible. If
g is comparable to χ, contributions from the higher excited states are significant. This
may bring an additional reduction of the fidelity.
In order to see the effect of higher excitation number on the gate fidelities, we plot
the average fidelities as a function of g/χ in Fig. 5. The continuous line corresponds
to the fidelity of the CNOT gate and the dashed line corresponds to the fidelity of the
QPG gate (φ = pi/4). It is to be noted that the fidelities for both the gate operations
decrease as g/χ increases.
6. Summary
We proposed a scheme for realizing two-qubit CNOT gate and QPG in an
optomechanical system where the mechanical resonator is of Kerr type. For proper
choices of resonance frequencies, Kerr strength and optomechanical coupling strength,
the optomechanical cavity behaves like a quantum gate. The fidelities of the quantum
gate operations are very close to unity in the absence of dissipation. In the presence
of dissipation, due to photon loss and mechanical damping, average fidelities of the
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Figure 5. FCNOT and FQPG as a function of g/χ. Continuous line corresponds
to FCNOT and dashed line is for FQPG (φ = pi/4). For the CNOT gate, we
use ωc/g = (4k − 1) with k = 2500. For QPG, we set ωcg = 2(p+q)pi+φ2(q−p)pi+φ with
p = 2499, q = 2500.
quantum gate decrease. Using recently achieved experimental values, we show that
it is possible to realize CNOT gate and QPG with fidelities of ∼ 0.975 and ∼ 0.982
respectively.
Apart from the dissipation, another factor that can reduce the quantum gate
fidelities is the coupling strength between the cavity and mechanical resonator. It is
seen that the fidelities decrease if the coupling strength is comparable to nonlinear
strength. In this limit, perfect phonon blockade does not occur.
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